
Ergodic Theory and Measured Group Theory
Lecture 16

Compact systems . let P be a ctbl semigroup , e. g.
IN
,
I
, any other group.

let in IX.d) be a pup action on 111,4 , i. e. each

TET acts as a pup transformation
.

This indices

an action by isometries on LYX
,
d) by 8. f := for.

( 118-1-112=114181×111%1×1)¥%lfPdµ)±= 11th .
)

Def
.

Call in Hit) cowpat if every fc-LYX.tl is almost periodic,
i.e. f. f :-| 8. f : JET} is pace-pact :<⇒ FT is input
<⇒ He >OF a finite E-net in Ff

,
i. e. F r

, ,
. .

.,ru sit.

V- JET
,

118.f - Vitthal fer sone i --1
,
. .,k .

Ff : in Ñt " ' II

Examples . Any rotation of IT := 11217<=5
'

by angle L
is compact.
Proof

.

this action is by taking ✗ c-
"Zz al

acting 4
,
left addition 4

,
d
,
i. e. d-E-dtx

,

V- ✗ EIRIK .
This V-fc-l.HR/z,lebesgae) ,



{nd . F : nez}"= hud : nez}
"%

. f

here find :b C- 2) is compact , head closed

at the map nd tr uh . f- is uctinuoas
,

so 4hL : h C- 2)of is a continuous image of
the unpaid set 1hL : n c- 2) , this wyat ,

let G be any compact group d PEG a

subgroup .
let it denote the normalized

Haar measure on G. Then 17^4 he left ndtip.
I this preserves 9 , so pup.tt FELT 4,9) ,
PJ = F. f which is unpack being a continuous

image of the apart sit F. to PMG is

a cowpat action. This is called a Kronecker

action
.

ergodic
Theorem

. Aylhnpact action of 2 is a Kronecker

action
,
i. e. 7 apart group G (may take

abelian) I g c- G sit. cg>MG is

measure - isomorphic he the original action .



Counter - exaples . All weakly nixing actions are "anti " compact.

Def. For a semigroup P
,

a sit set is called syndetic if
F Ji

, Ty . " ,Jk c- T sit. D= Ñ Ni 't
.

i= ,

Earle .

T :-. IN or I. Thu SET is syndetic c-> if it has

handed gaps lad includes 0 if F- IN).

Prop . A pup action P → (X,M of a cfhl semigroup is cowpat
c-s f f C- ICKY) V-E>0

,

the set / JET : 118. f- f-His }
is syndetic .

Proof. Homework
.

Furstenberg Multiple Recurrence for compact 2-aliens . let IÑCX ,d)
be a compact pup alien

.

Then tf A- c- ✗ of positive erasure

at ay bro 7m71 it.

MIA AT"A AT
-"
Ah . . .AT

-"A) > 0 .

In fact
,
H f c- FIX

, f) , f-70 , Jf > 0, HR,
limit ¥, §=, / f. IT

"f) IT"f) . . .lt!"f) It > P ,

N→ a

Proof. Homework .



Sterner'edi 's theorem . In 1927
,
van der Warden proved that it

re partition IN into finitely-many pieces thee one

of the pieces has arbitrarily by arithmetic progressions.
In 1936

,
Erdé's at Turin conjectured that this should be

true for any
subset of 1N of positive upper density .

2
Theorem ( Szeurédi

,
1975)

.
this is true: every what A- a-Not

positive d- contains arbitrarily large arithmetic
progressions . In fact, Kk 3- u

d- (AAA -NAIA - 2mn . . .
A IA - ku)) >0.

In 1977
, Furstenberg gave

a different
, ergodic theoretic

, proof
of this

,
which started a subject called ergodic Ramsey Kay.

What Furstenberg paved is this :

Furseuherg Multiple Recurrence Theon / 19771. For
any pup 2^144,

any A- EX of positive censure
,
Kk 7-ns.t

.

MAAT"Ah . . - AT
"") > 0.

In fact
, V-fc-EIX.tl the , fro , Sfdch > 0;

ti- int 1- É S f. 11-4-7 . IT"'f) It > 0
,

µ→a Ntl n=0



Then Furstenberg showed that the Multiple Recurrence implies
Szemerédi 's theorem via a correspondence principle .

Furstenberg Correspondence Principle . For IN
.
For any

A- c- IN 7 a

pup action IN#X
,M and ÑEX sit . MAY -_ d- (A) and

for
any Uyhy -

c.)hut IN ,

d- IAAIA -up AIA -a.) A . . -
AIA -u.DFMA~nt-HAT.nt-n.at

.

amenable
For ayvunigraup T .

For
any AET 7 a pup

action PAIX,d) at ÑEX
sit

.
d- IA ) -- MAY I V-gngy.ygu.fi

d- IAngiAA.ingiin-ztlangiain.ing.AT
.

Here
, by d- we mean fix a Follmer sequence ( Fn ) I

d- (A) := ti- sup
I

→ ^¥÷!
Proof

.
Consider the shift action PM 2

"

by 18.x) (r) := ✗ II. r)
.

By passing
to
a subspace , we may assure d- 1A)=figglA,?÷ .

let Ñ := 4 ✗ EI : Heil =L} .
Claim

. Kyger , 8.1-a C- g-
'Ñ <⇒ Ve g-

'
A

.

Proof
.
V. IAE g-

' Ñ <⇒ got. Ia c- Ñ <⇒ g V.Ialep)
- I



<⇒ Ialgr) --1 <⇒ great <⇒ a- g-
'
A. ✗

Mn "= ¥1 ¥,z% - IA -


